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Exact time-dependent solutions of Einstein’s gravitational field equation for a spherical mass moving
with arbitrarily high constant velocity are derived and analyzed. The threshold conditions required for
gravitational repulsion of particles at rest are determined as a function of source speed and field
strength and particle position.
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This paper derives and analyzes exact time-dependent solu-
tions of Einstein’s gravitational field equation for a moving
mass in vacuo. The exact dynamic fields are calculated from
an exact metric, which was first derived by Hartle, Thorne,
and Price [1], but which has never before been analyzed. This
paper shows that the exact ‘antigravity’ fields calculated here
correspond at all source speeds to the weak ‘antigravity’
fields for any arbitrary velocity and acceleration derived and
analyzed by a retarded-potential methodology in [2–4].
In particular, the exact ‘antigravity-field’ solutions confirm
that any mass having a velocity greater than 1/ 23 times the
speed of light gravitationally repels particles at rest within a
forward and backward cone, no matter how light the mass or
how weak its field.
To calculate the exact strong field of a nonrotating spheri-
cally symmetric mass moving with constant relativistic veloc-
ity, this paper uses a method for transforming the stationary
metric of any mass to the dynamic metric of the mass moving
with arbitrarily high constant velocity. Then the geodesic
equation is used to calculate the exact strong dynamic field of
the mass on a particle at rest. The exact solutions delineate
the conditions of source speed and field strength and particle
position under which the mass repels particles at rest within a
forward and backward cone angle.
The method used for calculating the dynamic gravitational
fields of masses moving with arbitrarily high constant veloci-
ty is applicable to calculate any field for which the corres-
ponding static or stationary metric of the mass at rest is
known. If the exact stationary solution of Einstein’s field
equation is known for a particular mass, then this method
gives the exact time-dependent solution of Einstein’s equation
for that mass moving with any constant velocity.
The relativistically exact bound and unbound orbits of test
particles in the strong static field of a mass at rest have been
thoroughly characterized in [5–7], for example. Until recent-
ly, calculations [5,6,8,9] of the gravitational fields of arbitrari-
ly moving masses were analyzed only to first order in β , the
ratio of source velocity to the speed of light, c. Even in a
weak static field, these earlier calculations only solved the
geodesic equation for a nonrelativistic test particle in the
slow-velocity limit of source motion. In this slow-velocity
limit, the field at a moving test particle has terms that look
like the Lorentz field of electromagnetism, called the ‘gravi-
magnetic’ or ‘gravitomagnetic’ field [6,8,9]. Harris [8] de-
rived the nonrelativistic equations of motion of a moving test
particle in a dynamic field, but only the dynamic field of a
slow-velocity source. Mashhoon [10] calculated the dynamic
gravitomagnetic field of a slowly spinning source having
slowly varying angular momentum, and more generally
showed explicitly that general relativity contains induction
effects at slow source velocities [11].
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An exact solution of the field of a relativistic mass is the
Kerr solution [5–7,12], which is the exact stationary solution
for a rotationally symmetric spinning mass. In the stationary
Kerr gravitational field, the relativistic unbound orbits of test
particles have been approximated in [13].
The first relativistically exact nonstationary field was calcu-
lated and analyzed within the weak-field approximation of
general relativity in [2]. A Liénard-Wiechert “retarded solu-
tion” approach [14] was used in [2] to solve the linearized
field equations in the weak-field approximation from the re-
tarded Liénard-Wiechert tensor potential of a relativistic par-
ticle. The solution in [2] was used to calculate the weak field
acting on a test particle at rest of a mass moving with arbitrary
relativistic motion. Since the solution in [2] was the first ever
used to analyze the field of a translating mass beyond first
order in β , it was the first to reveal that a mass having a con-
stant velocity greater than 1/23 c gravitationally repels other
masses at rest within a cone, as seen by a distant inertial ob-
server. (The Aichelburg-Sexl solution [15] and other boosted
solutions, such as in [13], apply only in the proper frame of
the accelerating particle, in which no repulsion appears, and
not in the laboratory frame.)
This discovery of a repulsive weak gravitational field was
used in [3] to calculate the exact relativistic motion of a par-
ticle in the strong gravitational field of a mass moving with
constant relativistic velocity, but without an explicit calcula-
tion of the strong dynamic gravitational field that produced
the motion. References [3] and [4] then showed how even a
weak repulsive field of a suitable driver mass at relativistic
speeds could quickly propel a heavy payload from rest to a
speed significantly faster than the driver and close to the
speed of light, and do so with manageable stresses on the
payload.
In [3], the weak-field dynamic metric on the x axis of a
source moving with constant velocity c 0β along the x axis
was derived from Einstein’s equation in the harmonic gauge.
In the weak-field approximation, the spacetime interval on the
x axis in Cartesian coordinates is [3]
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where the dimensionless potential, 20 0/ ( )Gm x ct c     ,
satisfies the harmonic gauge condition,
0/ / 0t c x      ; m is the rest mass of the source; and
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  is the constant Lorentz factor. The space-
time interval in Eq. (1) is relativistically correct to all orders
of 0 , but is valid only for calculating weak fields and only
fields on the x axis.
In the weak-field approximation, in which terms of order
2
 are neglected, the geodesic equation applied to the space-
2time interval of Eq. (1) gives the acceleration of a particle
instantaneously at rest on the x axis as [2,3]
2 2 2 2
0 0 0/ (1 3 ) / ( )d x dt Gm x ct      , (2)
which is repulsive in both directions, x and x , for
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This paper will now use a boost transform method [1] to
generalize the spacetime interval of Eq. (1) and the equations
of motion: (i) to apply to all space, not just along the axis on
which the source moves; (ii) to apply exactly to strong fields
as well as weak fields; and (iii) to apply to the gravitational
field of any source for which a distant inertial observer co-
moving with the source at speed 0c in the x direction
would measure a stationary metric, such as the Schwarzschild
metric or the Kerr metric. The same method can also be used
to find the exact motion of particles following arbitrary relati-
vistic trajectories, not just the motion of particles initially at
rest.
In effect, when we, as distant inertial observers, measure
the static Schwarzschild metric of a mass at rest, we are co-
moving with the source at constant velocity in the reference
frame of any other distant inertial observer. Any particle
trajectory in the static Schwarzschild field that we observe
and record must agree exactly with the same particle trajecto-
ry observed and recorded by any other distant inertial observ-
er, to within a Lorentz transformation. Recognizing this fact
allows exact particle trajectories to be calculated in the strong
fields of masses moving with constant relativistic speeds,
without having to calculate the strong dynamic fields. Know-
ing how the physical trajectory in a stationary field appears to
a distant inertial observer tells immediately how the physical
trajectory appears to all other distant inertial observers. By
this means, particle trajectories in strong dynamic fields were
calculated in [3] and [4] and displayed in their accompanying
animated solutions.
To generalize Eq. (1) to apply to all space, not just along
the x axis on which the source moves, the potential is changed
to 2 2 2 2 2 1/ 2 20 0 0/ [ ( ) ]Gm x ct y z c        . The next step
in explicitly calculating the strong dynamic fields is to trans-
form to ‘comoving’ Cartesian coordinates,
0 0( )t ct x   , 0 0( )x x ct   , y y , z z . (3)
In this comoving coordinate system, the spacetime interval
transforms to
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and the potential is 2 20 /Gm rc    , where
2 2 2 1/ 2( )r x y z      .
The metric in this comoving coordinate system is: (i) di-
agonal; (ii) independent of 0 ; (iii) stationary, because it is
independent of t ; (iv) static, because it is stationary and
time-reversible, that is, invariant under the transformation
0 0   ; and (v) equal to the weak-field Schwarzschild
metric in isotropic coordinates [6].
In isotropic coordinates, the most general exact, static,
spherically symmetric solution of Einstein’s equation in va-
cuo that reduces to a flat spacetime at large distances
( r  ) is [6]
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where 0 /r r   and 0r is a constant. The exact spacetime
interval of this form reduces in the weak-field approximation
to Eq. (4) only for 20 / 2r Gm c . Perhaps unsurprisingly, the
exact field in the comoving coordinate system is just the
Schwarzschild field in isotropic coordinates.
Applying the inverse transformation of Eq. (3) to the space-
time interval in Eq. (5) gives the exact dynamic metric of a
mass m, spherically symmetric in its rest frame, moving with
constant velocity 0c in the x direction. The only nonva-
nishing components of the metric in t, x, y, z coordinates are
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where 2 20 [(1 ) / (1 )]p      , and
2 4
0 (1 )q    .
The exact dynamic metric of Eq. (6) is a result first derived,
but not analyzed, in [1]. The metric has the expected limits,
simplifying to: (i) the weak-field metric of Eq. (1) for 1  ;
and (ii) the Schwarzschild metric of Eq. (5) for 0 0  . Since
the time-dependent metric of Eq. (6) was derived from the
exact static metric of Eq. (5) by a coordinate transformation
only, Eq. (6) must also exactly satisfy Einstein’s equation in
vacuo, / 2 0R R 
 
  , for the Ricci tensor R

and scalar
curvature R.
The event horizon, defined by 00 0g  or
3
01 (1 )    
in these coordinates, is an oblate spheroid compressed by a
FitzGerald-Lorentz contraction in the direction of motion,
x . A relativistic velocity greatly increases not only the
apparent mass of a source, but also, as shown in Fig. 1, the
radius of an event horizon hr in all dimensions.
A simple calculation of an exact strong dynamic gravita-
tional field from Eq. (6) is the field on a particle at rest from a
mass m moving along the x axis. Since the 3-velocity of the
particle is zero, the exact equations of motion from the geo-
desic equation are 1/ 200/ ( )dt d g

 where  is the proper
time, and, in coordinate time t, 2 2 2 00/ 0
i id x dt c   , where
1,2,3i  , and the 00
i
 are Christoffel symbols. The exact
strong dynamic gravitational field on a particle at rest at
( , , , )t x y z , as seen by a distant inertial observer, is therefore
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Equations (7) are an exact solution of Einstein’s equation
for the field on a particle at rest produced by a mass moving
along the x axis. (The z coordinate is equivalent to the y
coordinate and is omitted.) In the weak-field approximation
( 0  ), Eq. (7a) agrees with [2] and Eq. (2), and the ‘anti-
gravity’ threshold on the x axis is 1/ 20 3

 . Equation (7b)
confirms the transverse field component is always attractive.
The velocity threshold for ‘antigravity’ is reduced in strong
fields. Figure 2 shows the threshold speed at which the field
of the moving mass m reverses on a particle on the x axis, as a
function of field strength.
FIG. 1. Event horizon major radius (upper curve) and minor radius
(lower curve), normalized to 0r , vs. 0 .
β0
rh
3FIG. 2. Threshold speed normalized to c, above which particles at rest
on x axis are repelled, vs.  .
Since the transverse component of the gravitational field is
always attractive, a particle at rest will only be repelled by a
relativistic mass if the particle lies within a sufficiently nar-
row angle to the path of a relativistic mass, either in the for-
ward or backward direction. That is, to be repelled, the par-
ticle must lie within the surface on which the radial field
component 2 2 1/2( )x yg g vanishes. In the weak-field approx-
imation, this critical half-cone angle for the ‘antigravity’ thre-
shold, measured from the x axis is
1 2 1/ 2 4
0 0tan [(3 1) / (1 )]c  

   . (8)
This ‘antigravity beam’ angle, shown in Fig. 3, is seen to be
equivalent to the critical angle calculated in retarded coordi-
nates in [2] by means of the transformation /t t r c   ,
0 0x ct x r     , and y y , where a prime denotes a
retarded quantity (evaluated at the retarded time t ), and
where 2 2 1/ 2( )r x y    is the retarded distance from the
source to the observation point, so that 0 0( )r r x    .
Expressed in retarded coordinates and in the weak-field ap-
proximation, the field components in Eq. (7) become
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The weak field of a mass with arbitrary velocity, first de-
rived and analyzed in retarded coordinates in [2], is identical,
for the special case of constant source velocity along the x
axis, to the field in Eq. (9). Correspondence is thereby dem-
onstrated between the weak ‘antigravity’ field of a mass mov-
ing with arbitrary velocity in [2–4] and the exact ‘antigravity’
field in Eq. (7) of a mass moving with constant velocity.
As a simple application of the field derived in Eq. (7), we
will now calculate to first order in the field-strength parame-
ter, 2/GM bc  , the angular deflection of a particle of mass
m moving along the x axis at nearly constant speed 0c in the
weak static Schwarzschild field of a much larger mass M,
located at 0x  , y b . In the weak-field impulse approxi-
mation ( 20  ) of Eq. (7b), the field on M is
3/22 2 2 2
0 0 0 0(1 ) ( )yg Gmb ct b   

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The transverse impulse delivered to the mass M is
2
0 02(1 1 / )y yP M g dt P 


    , (11)
where 0 0 0P mc  is the momentum of the particle. Since
yP is equal and opposite to the impulse delivered to the par-
ticle, the angular deflection of the particle is 202(1 1 / )  , a
result derived in [4] by integrating the orbit equation in a
Schwarzschild field. This deflection corresponds to the def-
lection of a photon in a weak field for 0 1  .
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